EIGENVALUES AND ENTROPYS UNDER THE 
HARMONIC-RICCI FLOW 
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Abstract. In this paper, the author discuss the eigenvalues and en- 
tropys under the harmonic-Ricci flow, which is the Ricci flow coupled 
with the harmonic map flow. We give an alternative proof of results for 
compact steady and expanding harmonic-Ricci breathers. In the second 
part, we derive some monotonicity formulas for eigenvalues of Laplacian 
under the harmonic-Ricci flow. Finally, we obtain the first variation of 
the shrinker and expanding entropys of the harmonic-Ricci flow. 
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1. Introduction 

After successfully applying the Ricci flow to topological and geometric 
problems, people study some analogues flows, including the harmonic-Ricci 
flow QI], connection Ricci flow[H], Ricci- Yang-Mills flow flgj H51 H7) . and 
renormalization group flows[6l [HJ [T2], [15], etc. In this note, we study the 
eigenvalue problems of the harmonic-Ricci flow which is the following cou- 
pled system 

d 

(1.1) —g(x,t) = -2Ric g ( Xtt ) + Adu(x,t) ® du(x,t), 

d 

(1-2) di U ( X,t > = A 9(x',t) n ( x ' t )- 
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For convenience, we introduce a new symmetric 2-tensor S g / t \ u M whose 
components Sij are defined by 



Sij := Rij — 2diudjU. 



i2 



Its trace is S g(t)Mt) := g^ S^ = R g[t) - 2 \9®Vu(t)\ 

Suppose that M is a Riemannian manifold. For any Riemannian metric 
g and any smooth functions u, /, we have a number of functionals 



Ha,u,f) = j^(R g + \ 9 vf\ 2 g -2\3Vu\ 2 g )e-Uv g , 



M 



R g -2\°Vu\ z g 



~ f dV 9 , 



J (kR g + |»V/|J - 2k |*Vu|j) e-Uv g . 



List[9j and Miiller[llJ showed that, as in the case of Perelman's J 7 - functional, 
under the following evolution equation 







-2Ric 9(t) + Adu(t) ® du(t), 



(1.3)— u(t) = A g(t) u(t), 







/(*) 



<?(*) 



v/(t) 



g{t) 



dt J\"J -Ag( t) f(t) ~ Rg {t) 

the evolution equation for ^-functional is 
±T(g(t),u(t)J(t)) = 2jjs g{t)Mt) +^V 2 f(t) 



+ 2 



9 ^Vu(t) 



9(t) 



9(t) 



;i-4) 



+4 



A 



M 



g{t) u(t) - {du(t),df(t)) g(t) \ 2 g{t) e-f®dV g(t) 



that is nonnegative. Based on (|1.4|) . we derive 

Theorem 1.1. Under the evolution equation A1.3\) . one has 



j t £(g(t),u(t)J(t)) 
(1.5) 



-T k (g(t),u(t),f(t)) 



M 



2 

+4 

I M 
2(k - 1 



g(t) 



A 9(t)u(t)\ 2 g{t) e-MdVg®, 



M 



(1.6) 



'g(t)At)\ 2 g(t) e mdv 9(t) 

2 



+2 [ S g{t)At) +^V 2 f(t) 

JM 

+4(fc-l) / \A g{t) u(t) 

JM 



9{t) 



9(t) 



1 e-^dVm 

g(t) ttV 9{t) 



+4 



M 



i g{t) u(t) - {du(t),df(t)) git] \ 2 g{t) e m dV g(t) , 
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As a corollary we give a new proof of the following 

Corollary 1.2. There is no compact steady harmonic- Ricci breather other 
than (M,g(t)) is Ricci- flat and u(t) is constant. 

When we deal with the expanding harmonic-Ricci breather, we need the 
following two functionals 

C+(g,u,r,f) = r 2 J (R g + £ + A g f-2\t'Vu\l)e-fdV g , 



M 



TL 



+ A g f - 2k \ 9 Vu\ 



e~ f dV g . 



Under the following evolution equation 
d 

-g(t) = -2Ric g ( t ) + Adu(t) <g> du(t), 



dr 



d_ 
di 
d_ 
~dt 
we have 



A g{t )u(t), 
f{t) = -A g{t) f(t) + \^Vf(t) 
r(t) = 1, 



9{t) 



^Vu(t) 



<?(*) 



Theorem 1.3. Under the above evolution equation, one has 



(1.7) 



j t C + (g(t)Mt),r(t)J(t)) 



= 2r(t) 2 [ S g(t)Mt) +^V 2 f(t) + -^-g(t) e~^dV g{t) 
+4r(t) 2 



\A g(t) u{t) - (du(t),df(t)) g{t) \ 2 g{t) e-W*dV g{t) , 



(1.8) 



d_ 
~dt 



C + , k (g(t),u(t),T(t),f(t)) 



2r(t) 2 [ S g(t)Mt) + «<*> V 2 f(t) + —g(t) e-fWdVM 

J M ZT { Z ) g(t) 

+2{k-l) T {t) 2 [ 

J A 



+Mtf J M \A g{t) u(t) - (du(t),df(t)} g{t) \ 2 g(t) e-^dV g{t) 
+4(k - l)r(t) 2 J m |A ff(t) u(t)|* (t) e-^*)d^ (t) . 
As a corollary, we obtain a new proof of the following 
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Corollary 1.4. There is no expanding harmonic- Ricci breather on compact 
Riemannian manifolds other than M is an Einstein manifold and u(t) is 
constant. 

The second part of this paper focuses on the eigenvalue of the Laplacian 
operator under the harmonic- Ricci flow. Suppose that X(t) is an eigenvalue 
of the Laplacian &- g (t)- We prove 

Theorem 1.5. If (g(t),u(t)) is a solution of the harmonic- Ricci flow on 
a compact Riemannian manifold M and X(t) denotes the eigenvalue of the 
Laplacian A g M with eigenfunction fit), then 

^A(t)-/ f(t) 2 dV g{t) = \(t) f S g{t)Ht) f(t) 2 dV g{t) 

at JM JM 

(1-9) - / Sg(t) }U (fi 



M 



s(*)v/ 2 



<?(*) 



dV g{t) 



+2 / (S g{t)Mt) ,df(t) ® df(t)) g{t) dV g(t) . 

JM 

The above equation (|1.9p is a general formula to describe the evolution of 
X(t) under the harmonic-Ricci flow. Under a curvature assumption, we can 
derive some monotonicity formulas for the eigenvalue A(i). 

Set 

(1-10) Siniii(O) := min S g ( t) u(t) ix) 

x&M 

the minimum of S g M >u (£\ over M at the time 0. 

Theorem 1.6. Let (g(t), u(t))^ g ro ) T] be a solution of the harmonic-Ricci 
flow on a compact Riemannian manifold M and A(t) denote the eigenvalue 
of the Laplacian &- g (t)- Suppose that S g uy u M — aS g u\ u u\g(t) > along the 
harmonic-Ricci flow for some a > ^ . 

(1) If SminiO) > 0, then X(t) is nondecreasing along the harmonic-Ricci 
flow for any t € [0, T] . 

(2) If SmiaiO) > 0, then the quantity 

i--s min (o)t) X(t) 

n J 

is nondecreasing along the harmonic-Ricci flow for T < 2 g YTo) ' 

(3) If S m \n (0) < 0, then the quantity 

2 \na 

l--5 mi „(0)i) X(t) 
n J 

is nondecreasing along the harmonic-Ricci flow for any t E [0, T] . 

Corollary 1.7. Let (git), w(£))te[o,T] ^ e a solution of the harmonic-Ricci 
flow on a compact Riemannian surface S and X(t) denote the eigenvalue of 
the Laplacian A g (t) ■ 
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(1) Suppose that Ric g ( t ) < edu(t) ® du(t) where 

,\-a 1 
~ 1 - 2a ' 2 

(1-1) If S m i n (Qi) > 0, £/ien A(i) is nondecreasing along the harmonic- 

Ricci flow for any t G [0, T]. 
(1-2) If S m i n (0) > 0, then the quantity 

(1 - S min (0)t) 2a A(t) 
is nondecreasing along the harmonic- Ricci flow for T < s . 
(3) //5 m i n (0) < 0, then the quantity 

(i-s min m 2a m 

is nondecreasing along the harmonic- Ricci flow for any t G 
[0,71. 

(2) Suppose that 

9{t) Vu{t) 2 g{t) > 2du(t) (g> du(t). 
<?(*) 

(1-1) // 5 m in(0) > 0, then X(t) is nondecreasing along the harmonic- 

Ricci flow for any t G [0, T]. 
(1-2) If S m i n (0) > 0, then the quantity 

(1 - Smin(O)t) A(t) 

is nondecreasing along the harmonic- Ricci flow for T < „ 1 ^ . 
(3) //Smin^) < 0, £/ien £/ie quantity 

(1 - S miQ (0)t) X(t) 

is nondecreasing along the harmonic- Ricci flow for any t G 
[0,T]. 

When we restrict to the Ricci flow, we obtain 

Corollary 1.8. Let (g(t)) t e[o,T] be a solution of the Ricci flow on a compact 
Riemannian surface £ and X(t) denote the eigenvalue of the Laplacian A ff ( t ). 

(1) 7/i?min(0) > 0, i/ien A(i) is nondecreasing along the Ricci flow for 
any t G [0,T]. 

(2) // i? m in(0) > 0, i/ien i/ie quantity (1 — R m i n (0)t)X(t) is nondecreasing 
along the Ricci flow for T < p 1 . 

(3) 7/i?min(0) < 0, £/ien i/ie quantity (1 — i? m i n (0)t)A(t) is nondecreasing 
along the Ricci flow for any t G [0, T]. 

Remark 1.9. Let {g(t))t^[o,T] be a solution of the Ricci flow on a compact 
Riemannian surface £ with nonnegative scalar curvsture and X(t) denote 
the eigenvalue of the Laplaican ^- g (t)- Then X(t) is nondecreasing along the 
Ricci flow for any t G [0, T] . 



6 



YI LI 



Since 



(1.11) fi(g,u) := inf € C°°(M), J^dV g = l^ 

2 

is the smallest eigenvalue of the operator A s>n := — 4A g + R g — 2 \ 9 \7u\ g , we 
can consider the evolution equation for this eigenvalue under the harmonic- 
Ricci flow. 

To the operator A gjU we associate a functional 

(1-12) Xg,u(f) ■= I / • A 9,«/ • 

When / is an eigenfunction of the the operator A g<u with the eigenvalue A 
and normalized by J x f 2 dV g = 1, we obtain 



A a ,4/) = A. 

dy /K 9 , i 



So, we can suffice to study the evolution equation for JjAg )U (/) under the 
harmonic-Ricci flow. 



Theorem 1.10. Suppose that (g(t),u(t)) is a solution of the harmonic- 
Ricci flow on a compact Riemannian manifold M and f(t) is an eigenvalue 
°f A g{t)Mt) , i.e., A g( t) )U( t)f(t) = X(t)f(t) (where X(t) is only a function of 
time t), with the normalized condition J M f(t) 2 dV g M = 1. Then we have 

j t m = j t \Mit)) = [j(s g{t)Mt) ,df(t)®df(t)) g{t) dv g{t) 



M 

Ad 



dV g{t) . 



In jS], List proved the nonnegativity of the operator S g (t),u(t) is preserved 
by the harmonic-Ricci flow, hence 

Corollary 1.11. // Ric 9 (o) — 2du(0) (g> du(0) > 0, then the eigenvalues of 
the operator A g u\ u M are nondecreasing under the harmonic-Ricci flow. 

Remark 1.12. If we choose u(t) = 0, then we obtain X. Cao's result [3]. 

There is another expression of JjA(i). 

Theorem 1.13. Suppose that (g(t),u(t)) is a solution of the harmonic- 
Ricci flow on a compact Riemannian manifold M and f(t) is an eigenvalue 
of A g{t)tU{t) , i.e., A g (t) iU (t)f(t) = \{t)f(t) (where \{t) is only a function of 



EIGENVALUES AND ENTROPYS UNDER THE HARMONIC-RICCI FLOW 



time t), with the normalized condition J M f(t) 2 dV g ^ = 1. Then we have 



1 

2 



1 

+ 4 



(1.14) +2 f »Wv 2 n(t) 



9(f) 



y g(t),u(t)\g(t) 

2 

<?(*) 



\(du(t),d<p(t)) git) \ 2 e-^dV g{t) 



9(f) 



+ - 



s, 



M 

A 



1 2 

a(t),ti(t) + 4du(t) <8> du(t)| flW 



-¥>(*) 



<?(*) 



where f(t) 



M 
2 . 



s(t) 



fWVn(t) 



<?(*) 



<?(*) 



Remark 1.14. When u = 0, ( (j.i^D reduces to J. Li's formula [7]. 

Suppose that M is a closed manifold of dimension n. For any Riemannian 
metric g, any smooth functions u, f, and any positive number r, we define 



(1.15) W±(g,u,f,T):= J ]r [S g + \« V/|*J T / ± n 
Set 

/i±(g, u, t) := inf { W±(g, u, f,r) f G C°°(M), / 
v±(g,u) := m£{fi±(g,u,T)\T > 0}. 
The first variation of f±(<7(s), ii(s)) is 



(4vrr)«/ 2 9 



Theorem 1.15. Suppose that (M,g) is a compact Riemannian manifold 
and u a smooth function on M . Let h be any symmetric covariant 2-tensor 
on M and set g(s) := g + sh. Let v be any smooth function on M and 
u(s) ■= u + sv. If v±{g(s),u{s)) = W±(g(s),u(s),f±(s),T±(s)) for some 
smooth functions f±(s) with J M e~f ± ( sS) dV/(4:irT±(s)) n / 2 = 1 and constants 
t±(s) > 0, then 



(1.16) 



d_ 

ds 



s=0 



-r± J m ({h,S B , u ) g + <W 2 /} 9 ± 2^M) 



-f± 



dV n 



(47TT ± )™/ 2 9 



+4r± / v (A g u- (du,df ± ) g ) 



M 



( 47rr± )n/2 dF S' 
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where f± := /±(0) and t± := t±(0). In particular, the critical points of 
v±{>,-) satisfy 

S g , u + 9 V 2 f±^-g = 0, A g u = {du,df ± ) g . 

Consequently, if W±(g,u, f,r) and v±(g,u) achieve their minimums, then 
(M, g) is a gradient expanding and shrinker harmonic- Ricci soliton according 
to the sign. 

Corollary 1.16. Suppose that (M,g) is a compact Riemannian manifold 
and u a smooth function on M . Let h be any symmetric covariant 2-tensor 
on M and set g(s) := g + sh. Let v be any smooth function on M and 
u(s) := u + sv. If v±(g(s),u(s)) = W±(g(s),u(s), f±{s),T±(s)) for some 
smooth function f±(s) with J M e~^ ± ^dV/{'i'KT±{s)) n ^ 2 = 1 and a constant 
r ±(s) > 0, and (g,u) is a critical point of v±(-,-), then 

Ric 9 = =F- — g, f± = constant, u = constant. 

Thus, ifW±(g,u, ', •) achieve their minimum and (g,u) is a critical point of 
v±(-, •), then (M,g) is an Einstein manifold and u is a constant function. 

Remark 1.17. In the situation of Corollary \1.16\ by normalization, we my 
choose f± = 5 and u = 0. 

Acknowledgements. Part of work was done when the author visited 
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like to thank Professor Kefeng Liu, who teaches the author mathematics. 
Furthermore, I also thank Professor Hongwei Xu and other staffs in Center 
of Mathematical Science. 



2. Notation and commuting identities 

Let M be a closed(i.e., compact and without boundary) Riemannian man- 
ifold of dimension n. For any vector bundle E over M, we denote by T(M, E) 
the space of smooth sections of E. Set 

2 (M) := {v = (vij) £T(M,T*M ®T*M)\ Vij = Vji }, 
Q\{M) := {g=( gij )£Q 2 (M)\g tj >0}. 

Thus, 2 (M) is the space of all symmetric covariant 2-tensors on M while 
©+(M) the space of all Riemannian metrics on M. The space of all smooth 
functions on M is denoted by C°°(M). 

For a given Riemannian metric g G 0^_(M), the corresponding Levi-civita 
connection 9 T = ( 9 r^) is given by 

(2.1) *I* = \g kl (d l9jl + d j9il - d l9ij ) 
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where di := -J^ for a local coordinate system {x 1 , • • • ,x n }. The Riemann 
tensor Rm g = { 9 Rfji) is determined by 

(2.2) 9 R% 1 = - d^Tl + '1**1* - 
The Ricci curvature Ric 9 = ( 9 Rij) is 

(2.3) "A',, .'/"•"/'I,. 

The scalar curvature i? 9 of the metric g now is given by 

(2.4) R g = 9 v ■ 9 R ij . 

For any tensor A = {A^...j* ) the covariant derivative of A is 



v g 

r=l s=l 



SU. 4 fcl " — f). 4 fc i"- fe <3 _ \ " g-pm Aki—kq \ " gpfc s 4«l 

r=; 

Next we recall the Ricci identity: 

q p 

9\J -9\7 ■ A ll ' lq —9\7 -3X7. A lv " lq —\^9f? l r Ji-m-lq _ g ram 4*1— J« 
v * v J /1 fei-fcp V J V *^ 1 fcr--A; p — Z^ ri ijm Ji k 1 ---k p Z-> It ijk s Ji l 1 ---rn---k p - 

r=l s=l 

In particular, for any smooth function / £ C°°{M) we have 

"V,"^/ = "V/V,/. 

The Bianchi identities are 

(2-5) = 9 Rijki + 9 Rikij + 9 Riijk, 

(2.6) = 9 V q 9 Ri jkl + 9 Vi 9 R jqM + 9 Vj 9 R qik i 
and the contracted Bianchi identities are 

(2.7) = 2 9 V j9 R 4j - 9 V i 9 R, 

(2.8) = "V,/.' ;/ , ''V//.',, • V'' /,',/„,. 

3. HARMONIC-RlCCI FLOW AND THE EVOLUTION EQUATIONS 

Motivated by static Einstein vacuum equation, List[9j introduced the 
harmonic-Ricci flow(Originally, it is called the Ricci flow coupled with the 
harmonic map flow.). Such a flow is similar to the Ricci flow and is the 
following coupled system 

d 

(3.1) —g(x,t) = -21faCg( X)t )+4du(x,t)®du(x,t), 

d 

(3-2) di U ( X,t ^ = A 9(^) n ( x ' t ) 

for a family of Riemannian metrics g(x,t)(oi written as g(t)) and a family 
of smooth functions u(x,t)(or written as u(t)). Locally, we have 

d d 
(3.3) —gij = -2Rij + AdiU ■ djU, —u = A g u. 
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Introduce a new symmetric tensor field S g n\ u M = (Sij) € 2 (M) by 
(3.4) S i: 



Rij — 2d{U ■ djU. 



Then its trace S, 



g(t),u(t) 



is equal to 



(3.5) 



S gi t),u(t) = 9 ij Sij = R g(t) - 2 9(*)Vu(t) 



The evolution equation for R g (t) is 



Q- t R 9 (t) 



A g(t) R g(t) + 2 \ Ric g(t)\ g (t) 



(3.6) +4\A g{t) u{t) 



9(t) 



9 ®V 2 u(t) 



9(t) 



[Ric g{t) , du(t) <g> du{t)) g ^ 



Also, we have the evolution equation for | ff (*)v 
(3.7) 



u 



g(ty 



at 



9(t) 



A 



9(t) 



<?(*) 



9 ^V 2 u{t) 



<?(*) 



<?(*) 



and the evolution equation for S g m jU m'- 
d 



(3.8) 



]ft S 9(t)Mt) 



1 2 i 1 2 

'9(t)Mt)\ g{ t) + A \ A 9(t) U ^\g(t) ■ 



4. Entropys for harmonic-Ricci flow 

Motivated by Perelman's entropy, List [9] introduced the similar func- 
tional for the harmonic-Ricci flow: 



Q 2 + (M) x C°°{M) x C°°{M) 



where 



(4.1) T(g, u, f) := j (R g + \ 9 V/| 2 - 2 |*V«|j) e~ f dV g . 

He also showed that if (g(t),u(t), f(t)) satisfies the following system 
d 



dt 




(4.2) -nit) 



g{t) = -2Ric g(t) + Adu(t) ® du(t) - 2 9(i) V 2 f(t), 
A g(t) u ( t ) ~ (du{t),df(t)) g{t) , 



0_ 

dt 



fit) 



-A g{t) f(t)-R g{t) + 2 9 ^Vu(t) 



2 

9(t) 



then the evolution of the entropy is given by 



±T(g(t),u(t)J(t)) 
(4.3) 



2 j M (\s g(t)Mt) + 9 ^V 2 f(t) 
+2 \A g{t) u(t) - (du^^dfit)}^ 2 ^ e-^dV g{t) > 0. 



2 

9(t) 
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Remark 4.1. The above system fl^.ifl is equivalent to the following 



8 , , 
(4.4)|„(i) 



-2Ric 9 ( 4) + Adu(t) <g> ciu(t), 
A fl ( t )ii(t), 

-A fl(t) /(t)-12 9(t) + 9(t) V/(u) 



+ 2 



»(*) 



Vtt(i) 



<?(«) 



T/ie same evolution of the entropy holds for this system \4-4 



In particular, the entropy is nondecreasing and the equality holds if and 
only if (g(t),u(t), f(t)) satisfies 

(4.5) S g(t)Mt) + V 2 /(*) = 0, A, (i) n(t) - (du(t) , df (t)) g(t) = 0. 
Definition 4.2. The ^-functional is defined as 

(M) x C°°(M) x C°°(M) — ► R, (g, u, f) 1— > £(<?, u, /), 



where 



(4.6) 



f ( 5) n, /) := ^ (R g - 2 |»V«g) e"'d^. 



Proposition 4.3. Under the evolution equation ft4-4\), one has 



(4.7) -S(g(t),u(t)J(t)) = 2jJS git)Mt) \ 2 g(t) e-^dV a{t) 



+4jjA m u(t)\ 2 g{t) e-fVdV g{t y 



Proof. Since = R gi t) - 2 | fl(t) Vu(i)|^ and 



S 9(t),u(t) = A g(t) S g(t),u(t) + 2 \ S 9(t),u(t)\n(t) + 4 



a/ 



g(t) ' 



12 



YI LI 



we have 



-£(g(t),u(t)J(t)) 



M 



M 



dt 9 



(t),u(t) J e f(t)dV 9(t) + j M S 9(t),u(t) 



Ag(t)S 9 (t),u(t) + 2 !<%),«(*) l s ( t ) + 4 I A g(t) u ( t ) 



g(t) 



9(f) 



M 



>9(t),u(t) \g(t) 



- m dV g{t) + 4 J \A g{t) u(t)\ 2 g(t) e-^dV g(t) 



M 



+ I S g(t)Mt) [ -A g(t) f(t) + »Wv/(t) 



g(t) 







¥f f(t) - S g(t)At) ) e-f^dV, 



which implies (|4.7p . 

Definition 4.4. For any k > 1 we define 

(4.8) JfcO,, u, /) := | + | 9 V/|2 - 2A; |*Vug) e"^. 
By definition, it is easy to show that 

(4.9) F k (g, u, f) = (k- l)£(g, u, f) + F(g, u, /). 
When k = 1, this is the J 7 - functional. 

Theorem 4.5. Under the evolution equation fa4-4ty> one has 



□ 



j t T k (g(t),u(t),f(t)) 
(4.10) 



2(k-l) 



M 



>a(t),u(t) | s ( t ) 



+2/ Sg{t)Mt) +^V 2 f(t) 

JM 

+4(fc-l) / |A p(t) «(i) 

JM 



e --ttK j(() 
2 



<?(*) 



s(t) 



g(t) e ttV 9{t) 



+4 jf I A sW n(t) - (du(t),df(t)) g{t) \ 2 g(t) e-^dV g(t) . 

Furthermore, the monotonicity is strict unless g(t) is Ricci-flat, u(t) is con- 
stant and f(t) is constant. 

Proof. It immediately follows from (|4.3p and (|4.7p . □ 
Set 

(4.11) fi k (g,u) :=inih k (g,u,f)\f eC°°(M), j^e"^ = lj. 
Then /Ufc(<7, u) is the lowest eigenvalue of — 4A 9 + k (^R g — 2 | 9 Vu[ 2 
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5. Compact steady harmonic-Ricci breathers 

In this section we give an alternative proof on some results on compact 
steady harmonic-Ricci breathers that were proved in [9j [IT] . 

Definition 5.1. A solution (g(t),u(t)) of the harmonic-Ricci flow is called 
a harmonic-Ricci breather if there exist t% < t 2 , a diffeomorphism tp : 
M — > M and a constant a > such that 

g(t 2 ) = atp*g(h), u(t 2 ) = ^*u(ti). 

The case a < l,a = 1, and a > 1, correspond to shrinking, steady and 
expanding harmonic-Ricci breathers. 

Theorem 5.2. If (g(t),u(t)) is a solution of the harmonic-Ricci flow on a 
compact Riemannian manifold M , then the lowest eigenvalue fxi.(g(t),u(t)) 

of the operator —AAg^ + k ^R g (t) ~ 2 | ff ^^' u (*)|^($)) * s nondecreasing under 
the harmonic-Ricci flow. The monotonicity is streat unless g(t) is Ricci-flat 
and u{t) is constant.. 

Proof. The proof is similar to that given in [7j. For any t\ < t 2 , suppose 
that 

Vkigih), u(t 2 )) = T k {g{t 2 ),u{t 2 ), fk(h)) 

for some smooth function fk(x). Being an initial value, fk(x) = fk(x,t) for 
some smooth function ff.(x,t) satisfying the evolution equation (|4.4j) . The 
monotonicity formula (|4.10|) implies 

Vk(g(t 2 ),u(t 2 )) > > n k (g(ti),u(ti)). 

This completes the proof. □ 
Corollary 5.3. On a compact Riemannian manifold, the lowest eigenval- 
ues of —Agfy + \ (^Rg(t) ~ 2 \ g< ' t ^ u (^)\ 2 g^t) S j are nondecreasing under the 
harmonic-Ricci flow. 

Proof. Since fj, 2 (g(t),u(t))/4 is the lowest eigenvalue of the above operator, 
the result immediately follows from Theorem 15.21 □ 

Corollary 5.4. There is no compact steady harmonic-Ricci breather other 
than (M,g(t)) is Ricci-flat and u is constant. 

Proof. If (g(t),u(t)) is a steady harmonic-Ricci breather, then for t\ < t 2 
given in the definition, we have 

fJ>k(g(ti),u(h)) = Hk(g{t2),u(t 2 )) 
hence, using Theorem 15.21 for any t G [^1,^2] we must have 

-fx k (g(t),u{t))=0. 
Thus (M,g(t)) is Ricci-flat and u(t)) is constant. □ 



14 



YI LI 

6. Compact expanding harmonic-Ricci breathers 
Inspired by [TJ, we define a new functional 

0+ (M) x C°° (M) x C°° (R) x C°° (M) — ► R, ( 5 , u, r, /) ^ W+( 5 , «, r, /), 

where (r = r(i),i G R) 

(6.1) W+(<7, u, r, /) := r 2 | + |- + A g f - 2 |* Vu| 2 ) e"^. 
Similarly, we define a family of functionals 



(6.2) W+, h (g, u, r, f) := r 2 y |fc (E 9 + —J + A g / - 2A; \9\/u 

It's clear that W+,i(5, u, r, /) = W+(g, u, r, /). 
Lemma 6.1. One has 

W+(g,u,r,f) = T 2 T(g,u,f) + ^-T [ e^dV g , 

1 JM 

W +) fe(sf,n,T,/) = T 2 T k (g,u,f) + -^t e~ f dV g , 

z JM 

W +tk (g,u,Tj) = W+(g,u,T,f) 

+(k - 1) [r 2 £ (g, u, f) + j M e-fdV a } 



f dV n 



Proof. Since A (e 



A/ + |V/| 2 ) e~ f , it follows that 



W + (g,u,Tj)-T 2 T(g,u,f) 



n 



r e -f dVg+T i r (a,,/ "v/ : ;) ( uv g 

JM JM V ' 



n 

— T 

2 



e~ f dV a + t 2 



M 



A a e~ f ) dV c 



M 



n 

— T 

2 



- f dV„ 



M 



Similarly, we can prove the rest two relations. 
Theorem 6.2. Under the following coupled system 

-2Ric 9(t) + 4du(t) <8> du(t) - 2 9 ^V 2 f(t), 



dt 9{t) 



d_ 
dt 

d_ 
dt 
d_ 

~dt 



u{t) = A fl(t )w(t) - (du(t),df(t)) g ^, 



f(t) 

T{t) 



-A g{t) f(t)-R g{t) + 2 f(*)Vu(t) 



2 

g(t) 



□ 
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the first variation formula for W+(g(i),u(t), r(t), f(t)) is 



(6.3) jW + (g(t)Mt),r(t),f(t)) 



1 2 

2r{tf [ S g(t)Mt) + ^V 2 f(t) + ^g(t)\ e-fMdV g{t) 

JM ZT { Z ) \g(t) 



+4r(t) 2 J \A g(t) u(t) - (du(t),df(t)) g{t) \ 2 g{t) e-*®dV g{t) , 



and the first variation formula forW + ^{g(t),u(t),T{t),f(t)) is 



(6.4) 



-W + Mt),u(t),r(t),f(t)) 



= 2r(t) 2 J m S g(t)Mt) + ^V 2 f(t) + -^s(t) 
+2{k-l) T {t) 2 [ 

J A 



g(t) 



9(t) 



9it) 



+4r(i) 2 J M \\(t)u(t) - (du(t),df(t)) g{t) \ 2 g{t) e~^dV g{t) 
+A(k - l)r(t) 2 J |A ff(t) u(t)|* (t) e-^dV g{t) . 

Proof. Under the above coupled system, we first observe that 



(6.5) 



dt 



(/' 

\JM 



m dV g(t) ) =0. 



In fact, from §- t dV gi t) = (-S g{ t), u (t) ~ & g (t)f{tj) dV gi t) we obtain 



dt 



-r\ e 



M 



fl(t) 



LH f{t:, - dv ' m+ li" v ' m ) e ' m 

[\(t)f(t) + S g{t ),u(t) 
S g(t),u(t) ~ 



0. 
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Lemma 16.11 and the identity (|6.5[) implies 



n 



T(ty-T(g(t),u(t),f(t))+2T(t)T(g(t),u(t)J(t)) + iy 
2r(i) 2 / S g{t)Mt) + '<*> V 2 /(t) * ^ e-/Wc^ fl(t) 

J A/ 9W 

+4r(t) 2 / |A g(t)U (t)-(dn(t),d/(t)) 9W | 2 e^W^ (4) 



M 



g(t) 



+2r{tf 



M 



s, 



g(t),u(t) 



g(t) 



v/(t) 



<?(*) 



M 



g(t) 



which is (|6.3p . Using Lemma 16.11 and the same method we can prove (16. 4p . 

□ 

Remark 6.3. Under the following coupled system 
d 



8t 9 ® 

at 
d 

~dt 



-2Ric g ( t ) + Adu(t) <g> du(t), 

A g(t)u(t), 



f(t) 
T{t) 



A (t) /(t) + 9 ^V/(i) - i? ff(t) + 2 ff(*)Vu(t) 

9W 



«?(*) 



1. 



i/ie same formulas \6. 3\) and \6.J^ hold for W+ and W-f^. 
Define 

(6.6) fi + (g,u,T) :=mf\w + (g,u,T,f) feC°°(M), [ e~Uv g = \ 

Lemma 6.4. For any a > 0, one has 

(6.7) fx + (ag,u,aT) = a(i + (g,u,r). 

Proof. If we set g := ag, then Rg = a~ x R g , Ag/ = a~ l A g f, and | 9 Vu 
VW + (g,«,ar,/) 



a 1 | 9 Vu| 2 . Hence 



2 2 

a t 



M 



Ra 



n 



2ar 



+ A g -f-2\°Vu\l)e- f dV l 



ar 



Since / i— >■ / — ^lna is one-to-one and onto, by taking the infimum we derive 
fi+(ag, u, ar) = a/JL+(g, u, t). □ 
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Definition 6.5. A solution (g(t),u(t)) of the harmonic-Ricci flow is called 
a harmonic-Ricci soliton if there exists an one-parameter family of dif- 
feomorphisms ipt '■ M — >■ M, satisfying ipo = id m, and a positive scaling 
function a(t) such that 

g(t) = a(t)^g(0), u(t) = ^>(0). 

The case Jja(i) = a < 0, a = 0, and a > correspond to shrinking, 
steady, and expanding harmonic-Ricci solitons, respectively. If the 
diffeomorphisms are generated by a (possibly time-dependent) vector 
field X(t) that is the gradient of some function f{t) on M, then the soliton 
is called gradient harmonic-Ricci soliton and / is called the potential 
of the harmonic-Ricci soliton. 

In Miiller showed that if (g(t),u(t)) is a gradient harmonic-Ricci 
soliton with potential /, then 

= Ric g(t) - 2du(t) (8) du{t) + 9 ^V 2 f{t) + cg(t), 
= A g{t) u(t)-^Vu(t),^Vf{t)) 
for some constant c. 

Corollary 6.6. There is no expanding breather on compact Riemannian 
manifolds other than expanding gradient harmonic-Ricci solitons. 

Proof. The proof is similar to that given in [TJ. Suppose there is an expand- 
ing breather on a compact Riemannian manifold M, then by definition we 
have 

g{t 2 ) = a$*g(ti), u(t 2 ) = 

for some t\ < t 2 , where $ is a diffeomorphism and the constant a > 1. Let 
f+(x) is a smooth function where W + (g(t 2 ), u(t 2 ), T~(t 2 ), f(t 2 )) attains its 
minimum. Then there exists a smooth function f + (x,t) : M x [ti, ^2] ~~ > ^ 
with initial value f + (x,t 2 ) = f+(x) and satisfies the coupled system ap- 
peared in 16.31 Define a linear function 

t : [ti,t 2 ] — > (0,+oo), r(t 2 )=T + t 2 

where T is a constant. By the monotonicity formula, we have 

[i+(g{t 2 ),u(t 2 ),T(t 2 )) = W + (g{t 2 ), u {t 2 ),r(t 2 )J + (t 2 )) 

> W+WtJMtJMti), /+(*i)) 

> ^+{g(ti),u(t 1 ),T{ti)). 

Lemma [6.4l and the diffeomorphic invariant property of the functionals shows 
which yields 

M+(5(ti),u(ti),r(ti)) >0 

since a > 1. 
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If we impose an additional condition r^) = ar(ti) and r(ti) = T + t\, 
we have 



r(t) 



a{t - h) - (i - t 2 ) 



a 



Then 



- 1 

<x(t 2 -ti) 
a-l 



t 2 — at\ 
a — 1 



V, 



a 2 V, 



9(t) 



V, 



9(h) 



The mean value theorem tells us that there exists a time t £ [ti, ^2] with 

r(i)2 



d 

= T 
dt 



V, 



t=t 



Jog- 



V, 



9(t) 



gg) 

>— . n 

r(i)2 

n 
2^) 



V, 



t=t 



9(f) 



V 2 

V 9(t) 



1 d 



V 9(D 9t 



From the evolution equation for the volume element dV g ^ we have 



d_ 
~dt 



V, 



g(t) 



M 



d_ 
~dt 



dVr. 



g(t) 



M 



- S 9(t), U {t) ~ \(t)f(t)) dV g[t) 



M 



Sg(t),u(t) dV 9 



Putting those together yields 







n 



+ 



1 



2r(t) V 



g(t) JM 



S g(t),u(t) dV 9(t) 



1 



V. 



g(t) JM 



11 



S 9Ct)Mt) + 2r(?) 



dV, 



g(t)- 



If we set / = logV g (T\ then 

= W + (g(t),u(t),T(t)J) > /i+( 5 (t),u(t),r(t)). 

By the monotonicity of [i+ we obtain 

< M+(&(*i),«(*i),r(ti)) < Ai+(<7(t),n(t),r(t)) < 

Hence n + (g(tx),u(tx),T(ti)) = fi + (g(t 2 ),u(t2),T(t 2 )) = and W + = on 
the interval [ii, t 2 ]- This indicates that the first variation of W+ must vanish. 
So the expanding breather is a gradient soliton, i.e., 

Moreover, in this case A g ^u(t) = (du(t),df(t)) g r t y □ 

As (|6.7p . we define 
(6.8) 

/i+^O/, u, t) := inf | W+, k {g, u,r,f)\f € C+°°(M), 
As Lemma 16.41 we still have 

(6.9) V+,k{ag, u, ar) = afj, +tk (g, u, r). 



~ f dV n 



M 
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Corollary 6.7. If (g(t),u(t)) is an expanding harmonic- Ricci breathers on 
compact Riemannian manifolds, then M is an Einstein manifold and u(t) 
is constant. 

Proof. Using the same method in Corollary 16.61 and /i+ 5 fc, we can show that 
the first variation of W+ k must vanish. Hence, from (|6.4p one has 



S m ^+^f(t) + ^g{t) = 0, 

A g[t) u(t) = (du(t),df(t)) g(t) , 
A g(t) u(t) = 0. 
The above four equations can be reduced to a coupled equation 

which indicates that u(t) is a constant and Ric g ( t ) = — 2T ^ g(t). □ 

7. Eigenvalues of the Laplacian under the harmonic-Ricci flow 

In this section we consider the eigenvalues of the Laplacian A g ^ under 
the harmonic-Ricci flow 

(7.1) ^g(t) = -2Ric s(t) +4du(t)®du(t), 

d_ 

df 

Suppose that X(t), which is a function of time t only, is an eigenvalue of the 
Laplacian A g ^ with an eigenfunction f{t) = f(x,t), i.e., 

(7-3) -A g{t) f(t) = X(t)f(t). 

Taking the derivative with respect to t, we get 

|A, (l) ) Ht) - A s(t) (»/(,)) = (|a W ) /«) + A«)|/( f ). 
Integrating above equation with / yields 

" f M /(*) (! A *w) /(*W<«) - j M f(t)A g{t) (|/(t)) dV g{t) 

= im- [ f{t?dv g[t) +\(t) ( f{t)^-f{t)dv g{t) . 



(7.2) -u{t) = A g(t) u(t). 



Since 



= A(t) J f(t)^f(t)dV gm , 
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it follows that 

(7-4) Jt m -j M f{t)2dV ^ = ~J M m (! A * (t) ) 

If we set Vij = —2Rij + idiudjU, then 
d 1 

— T% = -g kl (d iVlj + djvu - div i:j ) . 
Multiplying with g iJ on both sides, we obtain 



9 ij ^-T% = \g kl {2V i v li -V l {g ii v ij )) = g kl V l v ll + V k S 

Mr-ri ( OD I AV7...V7.A I V7& / D OlV7„.|2N 



/V (-212a + 4ViMV;n) + V k (R - 2\Vu\ 
-V k R + 4Au • V fc u + 4V^ • V*V fc u + V fc l? - AV k S/ l u • Vjtt 
4Au • V k u. 



Therefore 

^ at 



9* 



, '^"(^ I * f )* / ~ I * F *^ 



^)v,v i/ + v(|/)-^(|r 6 )v,/ 



(2/-?, ; - iV,,A» V'V'/ - !A„ • V fc nV fc / + V ( ^/ 



Plugging it into (I7.4|) we derive 

d_ 
d~t 



A(t)- / /(t) 2 a!%) = -2 / RijV^fdV + 4 / /VWuViVj/dV 

iM iM 



+4 / fAu-V K uV k fdV. 

>M 



The first term can be rewritten as 



: / R l:j V l V j fdV = [ V* (2/^) V J /^ 

JAf JAf 

= 2 / (V7 • ^ + / • V%) V^jW 



R lj V l f^fdV+ / fV 3 RV>fdV 

M JM 

,7m 



A / fdV- 

JR JM 



R\Vf\ 2 dV + 2 [ R i3 V l fVifdV. 

JM 
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Hence 

d_ 

dt 

2 



dV 9(t) 



;A(t))- j M f(t) 2 dV g(t) 

= A(t) / i? fl(t) /(t) 2 dF fl(t) - I R g[t) 9{t) Vf(t) 

J M JM 

+2 I R^fVHV + 4 / f^uV^ViVjfdV 

JM JM 

+4 / fAu-V k uV k fdV. 

JM 

On the other hand, 

/ fV^uViVjfdV = - f Vj (/VWu) Vj/dF 

JM JM 

= - / (Vi/VW'u + fAuV j u + /VVV;V%) Vj/dF 
jm 

= - [ fAu(Vu,Vf)dV - [ V^^uVifVjfdV 

JM JM 

- [ fV l uV j fViVjudV 

JM 



and therefore 



^A(t)) / /(i) 2 dF = \(t) j R g{t) f(t) 2 dV g{t) 

at J JM JM 



M 



R g(t) 



9{<) v/(t)' 2 



git) 



dV g(t) 



+2 J SijV^VjfdV -A I fV^fViVjudV. 

JM JM 

The last term in above can be simplified as follows: 

- I fV^fViVjudV = [ V j (fViuVjf) V { udV 

JM JM 

= [ (V 3 'fViuVjf + fV'VwVjf + /Vi«A/)VW 

JM 

= [ \Vu\ 2 \Vf\ 2 dV + [ fAf\Vu\ 2 dV + [ /VW/ViVjiidK 

JM JM JM 

consequently, 

-2 f fV i uV j fV i V j udV=[ \Vu\ 2 \Vf\ 2 dV - X [ f 2 \Vu\ 2 dV. 

JM JM JM 

Therefore we derive the following 

Theorem 7.1. // (g(t),u(t)) is a solution of the harmonic- Ricci flow on 
a compact Riemannian manifold M and \(t) denotes the eigenvalue of the 
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Laplacian A ff ( t ), then 

yMt)- [ f{tfdv g(t) = \{t) I S g{t)Mt) f(t) 2 dV g{t) 

al JM JM 

(7.5) - / S g(t)Mt) ^Vf(tf 

JM 



dV 9(t) 



9(t) 

+2 / (S g(t)Mt) ,df(t)®df(t))dV g{t) . 



We set 



(7.6) 5 min (0) := minS(x,0). 

Theorem 7.2. Let (g(t),u(t)) te ^)^} be a solution of the harmonic- Ricci 
flow on a compact Riemannian manifold M and \(t) denote the eigenvalue 
of the Laplacian A g (t)- Suppose that S g (t),u(t) ~ a Sg(t),u(t)9(t) > along the 
harmonic- Ricci flow for some a > | • 

(1) If SminlO) > 0, then X(t) is nondecreasing along the harmonic- Ricci 
flow for any t G [0, T] . 

(2) // S'min(O) > 0, then the quantity 

r) \ net 

l--S min (0)t) X(t) 
n J 

is nondecreasing along the harmonic- Ricci flow for T < 2S " ^ . 

(3) //5 m i n (0) < 0, then the quantity 

r) \ net 

1--S min (0)t \{t) 
n J 

is nondecreasing along the harmonic- Ricci flow for any t € [0, T] . 
Proof. By Theorem 17. 1\ we have 

d w + x ( fM S 9(t)Mt)f( t ) 2dV g(t) \ XM 

dt m ~ { hJWdv^) ) m 

, 9 ,j f M s g(t)Mt) i g(t) v/(*)i; w 

By definition we have —f(t)A g ^ = X(t)f(t). Taking the integration on both 
sides yields that X(t) > 0. Since 

d 

and \S g{ t),u(t)\ 2 > 7i S g(t),u(t)> [t foll ° WS that 

d 2 2 

-Q t S g{t),u{t) > A g{t)Sg( t ),u(t) + - S g(t),u(t)- 
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The corresponding ODE 

j t a{t) = ^a(t)\ a(t) = S min (0) 

has the solution 

/,\ "S'min(O) 

Then the maximum principle implies S g ^ jU ^ > a(t) and hence, using the 
assumption that 2a — 1 > 0, 

Ui) > « W A W + (2a - lW«) J " l '!'S dy ' W - 
By integration by parts, we note that 



/ |v/| 2 dy = - / f-Afdv = x [ f 

Jm Jm Jm 



f 2 dV 

Im Jm Jm 

which indicates 



^A(t) > a(t)X(t) + (2a - l)a(t)A = 2aa(t)X(t) 

and 

^(A(t)-e- 2a /«>W^) > . 

Plugging the expression into above yields the desired result. If 5 m i n (0) > 0, 
by the nonnegativity of S g ^ preserved along the harmonic-Ricci flow, we 
conclude that f t X(t) > 0. □ 

Corollary 7.3. Let (g(t), u(t)) tg [ 0j r] be a solution of the harmonic-Ricci 
flow on a compact Riemannian surface £ and X(t) denote the eigenvalue of 
the Laplacian A g (t) ■ 

(1) Suppose that Ric^j) < edu(t) <S> du(t) where 
, , , 1 — a 1 

(7.7) ^ 4 rr^> Q > 5 - 

(1-1) If 5 m i n (0) > 0, then X(t) is nondecreasing along the harmonic- 
Ricci flow for any t £ [0, T]. 
(1-2) //S'min(O) > 0, then the quantity 

(i - s min m 2a aw 

is nondecreasing along the harmonic-Ricci flow for T < s 1 ^ . 
(3) //S'mm(O) < 0, then the quantity 

(1 - S min (0)t) 2a A(t) 

is nondecreasing along the harmonic-Ricci flow for any t G 
[0,71. 
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(2) Suppose that 

(7.8) 9{t) Vu(t) 2 tf(t) > 2du(t) du(t). 

(1-1) If Smin(O) > 0, then X(t) is nondecreasing along the harmonic- 

Ricci flow for any t € [0, T\. 
(1-2) If S m - m (0) > 0, £/ien i/ie quantity 

(1 - 5^(0)4) A(i) 

is nondecreasing along the harmonic- Ricci flow for T < s — 7^ . 
(3) I/5 m i n (0) < 0, £/ien £/ie quantity 

(1 - S min (0)t) X(t) 

is nondecreasing along the harmonic- Ricci flow for any t E 
[0,T]. 

Proof. In the case of surface, we have i?^- = -f ffij- Then 

Tij := Sij-aSgij = —gij-2ViuVjU-a[R-2\Vu\ 2 )gij 



1 \ ,2 
- — a ] — 2ViuV jU + 2a \Vu\ gij. 



For any vector V = (V 1 ), we calculate 



T i:j V l V j = l^-a) R\V\ 2 -2(V i uV i ) 2 + 2n Vi!\ 2 \\ l2 



> I - - a ) R\V\ 2 - 2|Vu[ 2 |V[ 2 + 2ajVd 2 |y| 2 



If Rij < eViuVju, then T ij V i V j = [(5 - a) e - 2 + 2a] |Vu| 2 |V| 2 > 0. 
For the second case, we note that 

T ii V i V i = R^V^ -2V i uV i V i uV j - -\V\ 2 + \Vu\ 2 \V\ 2 

R, 
~2 

Hence, the corresponding results follow by Theorem 17. 2[ □ 



> IfyVV* - |Vu[ 2 [V| 2 - ^|F| 2 + |Vn| 2 |F| 2 



When we consider the Ricci flow, we have the following two results derived 
from Corollary 17.31 

Corollary 7.4. Let (g(t))te[o,T] be a solution of the Ricci flow on a compact 
Riemannian surface £ and \{t) denote the eigenvalue of the Laplacian A g uy 

(1) If R m i n (0) > 0, then \(t) is nondecreasing along the Ricci flow for 
any t € [0,T]. 

(2) If R m i n (0) > 0, then the quantity (1 — R m i n (0)t) X(t) is nondecreasing 
along the Ricci flow for T < R rjoj ■ 
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(3) If -Rmin(O) < 0, then the quantity (1 — i? m i n (0)t)A(t) is nondecreasing 
along the Ricci flow for any t € [0, T] . 

Remark 7.5. Let (g(t)) t& [ ^ be a solution of the Ricci flow on a compact 
Riemannian surface £ with nonnegative scalar curvature and X(t) denote 
the eigenvalue of the Laplacian A g ( t y Then \(t) is nondecreasing along the 
Ricci flow for t € [0, T] . 



8. Eigenvalues of the Laplacian-type under the harmonic-Ricci 

flow 

Recall 

(8.1) n(g, u) = m(g, u) = inf u, f) e~ f dV g = 1 j . 

We showed that fi(g, u) is the smallest eigenvalue of the operator — AA g + 
R g - 2\9Vu\ 2 g . Inspired by [2 0], we define a Laplacian-type operators 
associated with quantities g, u, c: 

(8.2) A w := -A g + c (r s - 2 |» Vug) , 

(8.3) A g , a := A fl)ttt i = -A g + \{R g -2\3Vu\ 2 g ). 

Then (i(g,u) is the smallest eigenvalue of the operator 4A ffn i. 
To the operator A g ^ u we associate a functional 



(8.4) C°°(M) — > K, / .— > X 9>u (f) := / / • A ffiU / • 

J M 

When / is an eigenfunction of the operator A g>u with the eigenvalue A, i.e., 
Ag, u f = A/ and normalized by f x f 2 dV g = 1, we obtain 

= A - 

Next lemma will deal with the evolution equation for A(/(t)) where f(t) is 
an eigenvalue of A g u\ u u\ and the couple (g(t),u(t)) satisfies the harmonic- 
Ricci flow. Set 

(8.5) Vij := —2Sij = —2Rij + Adiu ■ djU, v := g 1J Vij. 

The obtained symmetric tensor field is denoted by V g u\ u iA = (%)• 

Lemma 8.1. Suppose that (g(t),u(t)) is a solution of the harmonic-Ricci 
flow on a compact Riemannian manifold M and f(t) is an eigenvalue of 
\(t),u(t)> ie -> A 9(t),u(t)f( t ) = Ht)f(t)(where X(t) is only a function of time 



2(1 
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t only), with the normalized condition J M f(t) 2 dV g ^ = 1. Then we have 



(8.6) ±\ g{t)u{t) (f( t ) 



V g{t)M t), 9{t) V 2 f(t) 



+ 



1 / d 



g(t) 2\8t 

+ J m (v l v ik - ±V k v) V k f(t) ■ f(t)dV g(t) 



R 9 (t) fit) 



f(t)dv g(t) 



.\t \dt 



»<«>Vu(t) )f\t)dV git) . 

9{t)J 



Before proving the lemma, we recall a formula that is an immediate con- 
sequence of the evolution equation: 



(8.7) 



d_ 
dt 



'A 9 (t)f) 



g ip g jq v pq ViV 7 f - gVg^ViVnVkf 



+\{ 9{t) Vv g[t) ^Vf{t) 

d 



9(t) 



where the metric g(t) evolves by j^gij 



v 



Proof. Using (|8.7p and integration by parts, we get 

d_ 

It 

a r r . . (R 



dt 



M 



-A g{t) f(t) + 



9(t) 



»«>v„( ( , ) / W 



/(*)<!V„ (t) 



M 



^V'VViV i / + pV'V i ^V fc /-i( fl WVt; fl(t) ,»WV/(t)) 



/(*W(t) + 



A,./.l^/(*)) + 



Si V 



+ 



M 



9 WVu(t) 



/(*) 



9(i) V«(t) 

/(WW 



2 

i / a 



?i 



9{i) 



fit) 







gVgXvnViVjf + - {j t R 9 (t)j fit)) fit)dv g(t) 
+ J m (VV'V^V*/ - \g kl ViW k f\ f(t)dV g(t) 
+ ^ A g(i)j „ w /(t) (|/(t)^ (t) + | (/(*)<*%)) 



|(l»<')v„«)|; (() )/( () w 5(t , 
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Since f(t) is an eigenvalue of Ajw ^w, it follows that 



M 



X r n l nnlU)[^f{t)dV g{t) + ^{f{t)dV g{t) ) 



at 







by the normalized condition. Thus we complete the proof. 



Using (|3.6|) . we find that the first term in the right hand side of 
be written as 



□ 
can 



M 



%vV/ + \ (Irm j f{t) 



f(t)dV, 



g(t) 



git) 



+Af{t)(du{t)®du{t)^V 2 f{t) 



dVr. 



g(t) 



+ 



2 

<?(*) 



2/(t) 2 fWv 2 n(t) - 4/(t) 2 (Ric ff(t) , du(t) ® du(t)] 



9(f) 



git) 



dV, 



g(t) 



M 



2f(t)(m Cg(t) ^v 2 f(t) 



+ I -\(t)R g (t) + |Ric, 



dV, 



g(t) 



+ 



M 



4/(t) (du ® d«, 9{t) V 2 f(t)\ - 4/ 2 (du{t) ® du(t), Ric g(t) ; 



s(t) 



s(t) 



+2/(t) 2 |A 9W n(t)|^ (i) -2/(t) 2 ^)V 2 n(t) 



ff(*) 



dK 



«?(*) 



For the second term in (|8.6p one has, using the contracted Bianchi identities, 



/( 

J M V 



1 



g lJ v iVjk - -v k v v fc / • f(t)dv g{t) 



0« V< (-2% + • a fe n) - -V fc ( -2i? ff(t) + 4 



fWVu(i) 



<?(*) 



v"/ • f(t)dV g(t) 



Af(t)A g(t) u(t) (^Vu(t),^Vf(t)) dV g{t) 

\ i < 1 9W 

fl<t)Vu(t C*)) vfc/ ' /(t) ^w 



+ / ( 4g ij S7 jU ■ ViVfcn - 2V k 



Af(t)A g(t) u(t) «(*)Vu(t),^V/(t) dV^) 
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where in the last step we use the identity Vfc|V«| 2 
Therefore 



2g pq V k W p u ■ V q u. 



d 
It 



\(t),u(t) (/(*)) 



/ 

Jm 



-2f{t)lm Cqit) ^v 2 f{t) 



9(t) 



- ( ^A g{t) R g{t) + |Ric, 



dV, 



+ 



9(t) 



<?(*) 



(8.8) 



/ \4f(t)(du(t)®du(t),^V 2 f(t) 
Jm L x 

-4/(t) 2 <dn(t)®^(t),Ric 9W > sW 
+2/(t) 2 |A s(M)U (t)|^ ) -2/(t) 2 |^)v 2 n(t) 

+4/(t)A ff(t) u(t) (^Vu(t),^Vf(t) 



+ 



+4 



-A 



g(t) 



g(t) 



u(t) 



9(t) 



+ 2 



g(t) 
^V 2 u(t) 



2 

9(t) 
2 

ff(t) 



»WVu(t) 4 J) /(t) 2 ^ (t) . 



The above evolution equation can be simplified as 

Theorem 8.2. Suppose (g(t),u(t)) is a solution of the harmonic- Ricci flow 
on a compact Riemannian manifold M and f(t) is an eigenvalue of A. g u\ u / t \ , 
i.e., A g u\ u u\f(t) = \(t) f (t) (where X(t) is only a function of time t only), 
with the normalized condition J M f(t) \dV g ^ = 1. Then we have 

f t \(t )M t)(fW = J M 2(S g(t) ,df(t)®df(t)) g{t) dV g{t) 
(8-9) +/ /(*) 2 [|^( t) |; (i) + 2|A fl(t) «(t)|J (t) 



dV r 



^9{t) 



Proof. Calculate 

/ 4f(t)A g(t) u(t)(^Vu(t),^Vf(t)) dV gi 

= -4 / V iU [V7 • (Vn, V/) + / (V^Vu, V/})] dV 
Jm 

- -4 f \(Vu,Vf)\ 2 dV g -4 [ fViu{(V l Vu,Vf) + (Vu,V l Vf)dV. 
Jm Jm 



By the same method, we have 



-A 



9(t) 



,(t) V«(i) g{t) f(t) 2 dV 9(t) 



! \Vu\ 2 {2fAf + 2\Vf\ 2 )dV 
Jm 



[ |V/| 2 |Vu[ 2 dV-2 f fAf\Vu\ 2 dV. 
Jm Jm 
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However, 

/ fAf\Vu\ 2 dV = [ -VJ • V 1 (/|Vu| 2 ) (fy 
Jm Jm 

= - [ Vif{V l f\Vu\ 2 + fV l \Vu\ 2 )dV 

JM 

= - [ \Vu\ 2 \Vf\ 2 dV-f fVif -V l \Vu\ 2 dV. 
Jm Jm 

Plugging it into above yields 



M 



« « Vti(t) f(tfdV g{t) 



2 / fVif ■ V*|Vu|W 
'm 



ill 



/(t) (du(i) (8. d/(t)/Wv 2 u(t)) 



Using the contracted Bianchi identities we may simplify the term f M f ^ R dV 
as follows: 

/U - A 9(t) R g(t) dV g(t) = ~ 



A 2 
f V l R-fV l fdV 

M 



ViR-V\f 2 )dV 



M 



-2 / V K R ki ■ fV l fdV 

<M 



2/ R ki V k (fVif)dV = 2 ( R ki h k f-Vif + fV k Vif)dV 
Jm Jm v 7 

2 J (R[c g{t) ,df(t) ® d/(i)) g(t) <^ (t) 

+2 / /(t)(mc fl(t) ,"Wv 2 /(<)) 



Hence (|8.8p becomes 
d 

dt 



jlV*).«(t) (/(*)) 



M 



2<Ric fl(t) ,d/(t) 5$ d/(t)) om + |Ric fl(t) |J (t) /(t) 



+ 



ff(t) 

2\A g{t)U (t)\ 2 g{t) + A\^V U (t) 



dV r 



9(f) 



9(t) 



f(t) 2 dV g{t) 



M 

-h 

Jm 



Af{t) 2 (du(t) ® d«(t),Bic ffW > a(t) dVg (t) 



9(i) Vn(t), 9(t) V/(t) 



dV r 



g(jt) 



M 



+ 



2<5 gW ,d/(t)g)d/(t)> s(t) dV g[t) 
f(t) 2 [|Ric fl(t) - 2d«(t) 8> |J (t) + 2 | A p(t) «(t) 



2 



dK 



<?(*) 
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where by definition Sij = Rij — 2diudjU. □ 

In [9], List proved that the nonnegativity of operator S g (t) is preserved by 
the harmonic-Ricci flow, hence 

Corollary 8.3. 7jfRic 9 (o) — 2du(0) <8> du(0) > 0, then the eigenvalues of the 
operator A g M jU / t ) are nondecreasing under the harmonic-Ricci flow. 

Remark 8.4. If we choose u(t) = 0, then we obtain X. Cao's result [3]. 
9. Another formula for ^A(/(i)) 

In this section we give another formula for ^A(/(t)) using the similar 
method in [71. Recall the formula 



d 



^ fl (t),«(t) (/(*)) 



2(5, 



M 



'g(t),u(t),df(t) ® df{t)) g{t) dV g{t) 



+ f(ty 

' M 



V*) ,u(t) I g(t) 



+ 2\A q(t) u(t) 



dV, 



g{t)- 



Consider the function ip determined by f 2 (t) = e vf) _ Then we have 
df 



-e^dip V/ Vip Af 1 1 



Hence 
2^A fl(t)jU(t) (/(i)) 



<M 
+2 



? fl (t),«(t) »«(*)> ® dl P{t)) g{t) e ^dV^t) 



M 



|2 



l5 9(i) , uW | 9(t) +2|A ffW n(t) 
Using the integration by parts and contracted Bianchi identities yields 

d<p(t)®d<p(t)) g(t) e~^dV g{t) 



M 



S ij V i <pV i <pe-' p dV 



M 



M 



M 



M 



Ai 



+ / V l (-2ViuVju) We~W 5 

2 Jm Va/ 

-2 / (V'uVjm) V*V j (e - *') dV. 

JM 



EIGENVALUES AND ENTROPYS UNDER THE HARMONIC-RICCI FLOW 31 



Thus 



f Sij V*V J V • e'^dV = [ S ij V i (pV i <pe-' / 'dV - ]- [ RA (e~ v ) dV 

JM JM 2 J M 

+2 f {VuVju) VV (e^) . 

On the other hand, one gets 

/ ^V\(t) 2 e-^dV g(t) 
Jm <j{t) yK ' 

= [ \V 2 <p\ 2 e-^dV = [ V i V j <pV i V j <p-e-' fi dV 
Jm Jm 

= - [ Vjtp ■ ViV'VV • e'^dV - [ Vjip ■ V*V J > • V< (e^) dV 
jm Jm 

= - [ Vjip ■ ViV J 'VV • e _v W - [ Vjip ■ V*VV • V, (e _v ) dV. 

JM JM 



Since 



= -/ V { (V j i P -V i (e-^))V j i P dV 
Jm 

= - [ V-V • V*Vj^ • Vi (e - *) dV - / |V(^| 2 A (e - *) 
Jm Jm 

which implies 

f Vj<p-V i V i (p-V i (e-' f ')dV r = ~ [ \Vip\ 2 A(e^)dV, 
Jm 2 J M 

it follows that 

f |vV| 2 e"W = -/ V j <p-ViV i V i (p-e- v dV+^ f \Vip\ 2 A (e~' p ) dV. 
Jm Jm 2 j M 

By Ricci identity the term V l V J 'VV equals 

= g jk g u (VfcViV J¥ ) - 4,V pV ) 

= V'ViVV - 9 jh 9 U Riki P V p tp 
= V j Aip + gi k g il R ikpl V p ip 
= ViA<p + gi k R kp V p <p. 
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Hence 



Jm 

= - [ V j A(p ■ e^dV - [ R kp V k (p ■ V*Ve~W 

Jm Jm 

= f V^Aip ■ Vj (e - ^) + / R kp V k <p ■ V p (e^) dV 
Jm Jm 

= - [ A(p ■ A (e-f) - [ e-e (v p R kp ■ V k <p + R kp V p V k <p) 
Jm Jm v 7 

= - [ A (e^) • A(pdV + \ I V k R ■ V k (e _v ) 
Jm 2 j M 

- / e^R kp V k V p V dV 
Jm 

= - [ A ( e -<") f + Ir)- [ R kp V k V p <p ■ e^dV. 
Jm \ 1 J jm 

Putting those formulas together, we obtain 

f 2Sij V'VV • e~ *dV + [ |vV| 2 e"W 

jm Jm 

- J m A (e-^) f A v + | - i | V^| 2 ) e-VdV 

= f Sij&ipV'tp-e-VdV - f A(e-v) [Atp + R--\V<p\ 2 ) e~^dV 
Jm Jm V 2 / 

+2 f (ViuVju ■ VV (e~^) - ViuVju ■ V*VV • e~ v ) dV. 

iM 

Since / is an eigenfunction of A, it induces 

X A f , R IV7 |2 

A = — _ + _-|v«| 

= I A ^-i|V^| 2 + |-|Vn| 2 



and therefore 



/ 25ij V*V J '<^ • e" W + f \V 2 ip\ 2 e'^dV 
Jm Jm 

[ SijTPipV'tp ■ e^dV - 2 f A (\Vu\ 2 ) ■ e'^dV 
Jm Jm ^ ' 

+2 f ViuVj (e-f) - V*V J > • e~^) dV. 
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Plugging into the expression of ^A(/(t)) yields 
2^ \{t),u{t) (/(*)) 



SjoVVV^ • e~ ^dV + / |S| 2 e _¥ W 



M 



M 



+ / |5| 2 e-W + 4 / |Ad 2 e _ W 



M 



= / \s g(t)Mt) +^VMt)\ 2 ( e-^dV g{t) + ! \S g{tlu 

JM 9(V JM 



(t)\g(t)' 



9(t) 



Vu(t) 



Mt) dv 



+ 4 / Wit)u(t)\ 2 m e-^dV g(i) +2f A g(t) 

JM yy ' JM 

+2 J ViuVju [-V*V j (e~ v ) + WV • e" v ] 

JM 

On the other hand, 

I := [ (ViiiVjii ■ V*VV) e~W 

= - [ VV (Au • Vj-u • e _v + ViU^Vj-u • - V^uVjuVV ■ e~ v ) 
V jU V j ipAu ■ e~ ^dV - [ ViuVVV*VjU ■ e~W 



+ / |(du,c^}| z e-W 



and 



II := f ViuVjuV^ (e-f) dV = [ V*V j (ViiiVji*) e _ W 

JM JM 

= [ V* (V J ViU ■ VjU + V;uAu) e^dV 

JM 

= [ (AV'ti. V iU + V { Au- V iU + \V 2 u\ 2 + \Au\ 2 ) e^dV 

JM V ' 



and 



III : = 



M 



A |V«| 2 = 2/ V 1 (ViVj-u • V%) e~ *dV 



M 



■Li 



AV,-ii'V%+ \ V 2 u 



If we set 



2 ) e -w. 

B := 2 (III + 1 -II) 
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then 
B 
~2 



M 



AViU ■ VV - ViAu ■ VV + |V 2 n| 2 - \Au\ 2 + \(du,dip)\ 2 



-V 4 n ■ VV • An - V iU ■ VV ■ V l V,n] e _ W 

= I (R ij V l uV j u + |V 2 n| 2 - \Au\ 2 + \{du,dip)\ 2 
Jm ^ 

-V,n • VV • An - V iU • VV • V*Vj-u) e~ v dV. 
On the other hand, 

- / ViU- V> • An • e^dV = [ (V»n • An) V* (e -,p ) dV 
Jm Jm 

= - [ V 4 (V,n • An) e^dV 
Jm 



\Au\ 2 - ViU- V'An) e-fdV 



' m 



and 



M 



V,//VVV ; V,// • e~ v dV = / V i uV i V j uV j (e~ v ) dV 



M 



M 



V J (ViuV'Vju) e^dV 



|V 2 n| 2 - ViuAV^u) e~W. 



Therefore 

/ x B 

(9-1) ^ = 
By definition, 



So 



M 



-2 |An| 2 + \{du,dip)\ 2 - 2(Vn, VAn) 



2„.|2 



A |Vn| z = A (V 4 n • V^n) = 2V 4 n • AV^n + 2 V^n 



A|Vn| 2 = 2|V 2 n| 2 + 2(V 4 An + i? ij V ? n) VV 

= 2 | V 2 n| 2 + 2R ij V i u ■ V j u + 2(Vn, VAn). 
. Pugging it into (I9.ip yields 
B _ 
~2 ~ 
Since 



M 



-2 |An| z + \{du,dtp)\* + 2 | V 2 n| 2 - A |Vn| z + 2 J R ii V 4 nV J n 

2R ij V i uV j u = 2 (5„ + 2VinVjn) VVV j n 
= 2S ij V*nV J n + 4|Vn| 4 

= + 4du ® du\ 2 - ^\S\ 2 , 



e'^dV. 
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:-! r > 



it follows that 
B 



III + I - II 

\{du,dip)\ z - 2\Au 



M 



2|V 2 u| 2 + - 15 + Adu <g> du\ 2 
4 1 



Hence 



M 



-4\Au\ 2 + 2\(du,d^)\ 2 - ^ |5| 2 



2..|2 , 1 lo , AJ __^ j,. ,2 



+4|V 2 u| + - |«S + Adu <g> du\ 



e'^dV - 2III. 



Theorem 9.1. Suppose that (g(t),u(t)) is a solution of the harmonic- Ricci 
flow on a compact Riemannian manifold M and f(t) is an eigenvalue of 
A g (t),u(t)> i-e-, Ag(t),u(t)f(t) = \{t)f{t) (where X(t) is only a function of time 
t), with the normalized condition J M f(t) 2 dV g ^ = 1. Then we have 



(9.2) -X(t) 



d 
dt 



If 5 9(t)ill(t) +^VV(t) 
1 Jm 



M 



g(t) 



Mt) dv 



9(t) 



+ I \(du(t),d<p(t)) m \ 2 e-^dV g{t) + 2 3(t) v 2 u(t) - V (t) dv 

' M JM 9W 

+ \ J \S g (t),u(t) + 4d«(t) <8> du(t)\* m e-^ t] dV g(t) 



A 



M 



g(t) 



Vtt(i) 



Bit) 



Mt) dv 



9(t)- 



Remark 9.2. When u = 0, \9. 2\) reduces to J. li's formula [7J. 



10. The first variation of expander and shrinker entropys 
Suppose that M is a closed manifold of dimension n. We define 

W± : 0+(M)xC oo (M)xC oo (M)xlR + — >R, (g,u, f,r) ^ W±(g,u, f,r) 

where 

e-f 



( L(».l) VV ± (. 7 .,/./.7) j [r(S g ,u+\ 9 Vf\ 2 g ) + ./ ± n 



dV n . 



(47rr) „/2 9 
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Set 

V±(9,u,t) := inf |>V ± (g,u,/,r) 

v±{g,u) := mf {(i±(g,u,T)\T > 0}. 



/GC°°(M), / ^_dV 9 = l 
7m (47rr) ri / i 



Lemma 10.1. Suppose v±(g,u) = W±(g, u, f±, t±) for some functions f± 
and constants t± satisfying 

-f± 

;dV g = 1, r± > 0, 



, M (47rr ± )™/ 2 9 
then we must have 

t± (-2A ff /± + |»V/±g - S fll „) ± /± T n + v±(g,u) 

f f±e~ f± 
J M jA^ dVa 



0, 

ft 

-Tv±(g,u). 



Proof. Since g and u are fixed, we consider the corresponding Lagrangian 
multiplier function 

£ ± (/, r; A) := W ± (g, u, f, r) - A ( ^ " l) • 

Then the variation of £± in / direction is 

5f£±(f,r;\) = f [2rV7Vi(^/) T J/ + X6f] , & [ ,„ dV 



M 



M 



r(s fl)tt + |»V/|j)=F/±n] 5/ 



( 4vrr )n/2 3 

-/ 



By the divergence theorem, we calculate 



-f 



VY-v^/)— — ™ fl 

M (4vrr) n / 2 



/ v '( 



V7 



(4vrr) n / 2 



a; 



(A fl /-|»V/|j) 5/ 



7 7 — 777 d'K,. 

( 47rr )n/2 3 



SfdVg 



Hence 



SfZ±(f,T;r) = J M [r(-2A g f + \9Vf\ 2 g -S g , u )±fTnTl + \ 



8f; 



o-f 



-dV. 



(47TT)™/ 2 

This implies that 

t± (-2A fl /± + | 9 V/±|J - 5 S)U ) i/ ±T « T l + A ± =0. 
Since /± satisfies the normalized condition, it follows that 

e -/± 



=F n 



(4 7rr± )n/2 3 
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From the identity 



J M 



, M (4lTT) n / 2 

and the definition (|10.ip . we obtain 

v±(9,u) = W±(g,u,f±,T±) = X± T 1, 

and consequently, 

r± (-2A s /± + \ 9 Vf ± \] - S g ^ ±f±Tn + v±{jg,v) 
The variation of £± with respect to t indicates 



0. 



6 T £±(f,r;\) 



M 



+ 



M 
8t 



M 



n5r\ 
~2~ 



n 5t 
2~ 

n 



9 J {47TT) n/2 dV 9 

-f 



J (47rr)"/ 2 9 



T(S gjU + \ 9 Vf\ 2 g )Tf±n 



e-f 

(47Tr)«/2 9 



n 



+— (A±/ T n) 



(47rr) n/2^- 



Using the first proved equation we have 



(u ± (g,u)±f±Tn) U 



Tl 

+ 2 (y±(3,u)±/±Ti±l) 



e -/± 

: — 777 dV 

(47TT ± ) n / 2 9 



M 



n 



-f± 



2 J (AnT ± y/* dV9 



and therefore we obtain the second one. 

For a symmetric 2-tensor h = (h{j) € 2 (M), we set 

g(s) := g + sh 

Then the variation of g{s) is 
d 



□ 



(10.2) 



ds 



R, 



v( s ) 



-h v Rij + V l V J hij - A g (tr g h) . 



Theorem 10.2. Suppose that (M, g) is a compact Riemannian manifold 
and u a smooth function on M . Let h be any symmetric covariant 2-tensor 
on M and set g(s) := g + sh. Let v be any smooth function on M and 
u(s) := u + sv. If v±{g(s),u(s)) = W±(g(s),u(s), f±{s),T±(s)) for some 
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smooth functions f±(s) with J M e f ± ( s ^dV/(4TTT±(s)) n / 2 = 1 and constants 
t±(s) > 0, then 



d_ 

ds 



s=0 



v±(g(s),u(s)) 



M 



r± / l(h,S g , u ) q + (h,°V 2 f)±—tr g h 



9 2t± 

f± 



g-/± 
-, ; — 77;dV 

(4tTT ± )«/ 2 9 



+4r ± v (A g u - (du, df ± ) g ) {i ^ )n/2 dV g , 



where f± := /±(0) and r± := r±(0). In particular, the critical points of 
v±{-,-) satisfy 

S g , u + °V 2 f±^-g = 0, A g u = (du,df ± ) g . 

Consequently, if W±(g,u, /, r) and is±(g,u) achieve their minimums, then 
(M, g) is a gradient expanding and shrinker harmonic- Ricci soliton according 
to the sign. 



Proof. By definition, one has 

-^v±(g(s),u(s)) = -^W±(g(s),u(s),f±(s),T±(s)) 



e -f±(s) 

(47rr±( S ))™/ 2 ^ (s) 



= /m[^ ±(s) (^ + I s(s) ^^IL) 



+ 



M I 



e -f±(s) \ 

dV nl 



9(s) 



Tf±(s)±n 



d_ ( 

'ds \(47rT±(s))^ UV9(s) 



Since 



d_ 



ds R9{s) 2 ds 



d_ 
ds~ 

§- s R 9 (s) ~ 2 
d 



° 9 ^Vu{s 



d 



-R g{s) - 2 {-g*g* h pq ) V t uV jU - 4^ V, ( -u ) V 



ds 
d 



iU 



R a (s\ + 2h pq V p uV q u - 4Vi 



ds 9(s) 



d 

di' 



u V l u 
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and 



d ( e~ f± ^ \ 

d~8 \{ATTT ± {s))^ dV9{s) ) 

(3 ft d 

+ (47rr ± (s))-/2^ 9{s) 



-f±(s) 



dV„. 



(4vrr ± ( S ))«/ 2 9(s) 







ds f± ^ 2r ± (s)ds 



n d 1 \ e ~/±M 

r±(s) + -tigh ) 7 -— 7 -^- H dV g{a) , 



(4TTT±{ S )) n / 2 



it follows that 



— v±(g(s),u(s)) 
ds 



ill 



d_ 

ds 



r±(s)(S g{s)Ms) + 9 ^Vf±(s 



-f±(s) 



, „ „ / d A _, A d . , J e-^W 



+ 



■/±w 



d_ 

ds 

n d 



/,„WVV + 2V, (^-/j V/j t 5 / ± (.)j {i „ ±(s)r ,^ 

I (-- 

Jm V ds 



2r ± (s) 9 ; T±{S) + 2^ 



r±(s) (S g(s)Ms) + 9{s) Vf ± (s) 2 ) T f±(s) ± n 



e -/±W 
(47rr ± ( S ))™/2 dV ^(^ 



Since 



/ A 3 tr 9 /i • e _/ dVg = / tr fl /t • A g (e~ f ) dV g 
Jm Jm ^ ' 

J M ta B (-Agf + \ g Vf\i) e~ f dV g , 

[ hij^V* (e~ f ) dV 
Jm v ' 

[ ha ( v'vf + v'/v'/) e -^y g , 

JM 

/ M -^/(^/-|'V/lj)e-^, 
^ (-A g / + |«V/g) e-^, 



/ VV'hij-e-tdVg 
Jm 

[ ApH 
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and using Lemma 110. 11 we obtain 



d 
ds 



s=0 
d_ 

vf ds 



v±(g(s),u(s)) 



r±(s) (S g , u + \ 9 Vf\: 



: — 7T:dV a 

(4vrr ± )™/ 2 9 



+ / [r± {-h ij Rij + V*Vj/4j - A 9 (tr 9 /i) + 2/i w V p «V% 

./A/ 



IV, /'V, - /;,„ / V''./T''/ + 2V, ( |- 



s=0 



/to V7 



^ ds 



s=0 



/to 
as 



At 



(47rr±)n/2 ^ 

71 5 1 

f±(s) - 7, ( S )-£T r ±to+o tr 9^ 

s=o 2r± as s=o 2 y 



r± {S g , u + \ 9 Vf±\l =F/±±n 



g-/± 

(47rr±)n /2^- 



If we denote by -B the last term while ^4 the rest terms, then 



A 



M 



d_ 

ds 



s=0 



r±(s)[\ g Vf ± \l + S g , u 



d 



'9s U=o" 



+ / M r ± (A s / ± -|»V/4)( t r 1 , ft -2^|^/( S 



The normalized condition 



e -/± 
(47rr±)»/2^ 

^ T± )n/2 dV 9- 



e -/±W 
M (47rr±( 5 ))"/2 d ^ 



implies 
Lemma 1 10 . 1 1 concludes that 



72 9 

/±to - 7. — 7T 
s=o 2t± ds 



_ r ±to + \ tT 9 h ^) 



e -/±w 

r/T/ 

(4vrr ± (s))™/ 2 9 ' 



r±5 g , u T r± (| 9 V/±|2 - 2A g /±) i/±Tn| v±{g, u) 

therefore 

r± (^,« + \ 9 Vf±\fj T /± ± n = 2t± (\ 9 V f ± \] - A g f±) + u ± (g, 
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B 



d_ 

i \i \ ds 



ft d 

s=o 2t± ds 



_ r ±( s ) + \ tT ghj 



2T±(\ 9 Vf±\ 2 g -A g f ± )+v ± (g,u) 



-f± 



dV n 



0_ 

w \ ds 



ft d 



j ( 47rr± )n/2 9 



r±(s) + -tr g h 



s=0 

e -/± 

; — T^dV a 

(47TT ± )«/2 » 



2r±(|»V/±g-A fl / ± )^ 
= / M (4Lo /±(s) + ^) 2T± ( |9V/±l ^- A ^ 



e -/± 

r — 77;dV 

(47rr±)"/ 2 9 



where we use the fact that J M A g (e f)dV g = 0. Hence B cancels with the 
last term in A. Therefore, the above variation equals 



d_ 

ds 



M 



s=0 
8_ 

ds 

1 



v±(g(s),u(s)) 



s=0 



r±(s) ( \ 9 Vf±\l + S g , u ± - r± (WViVjf + ti*Sij 

P -f± 



±—tv g h + Av ((du, df) - A g u] 
2t± 



-, ; — T^dV . 

(4ttt ± )™/2 9 



To prove the theorem, it is sufficient to show that 



n 



-f± 



uX 9 V±f±\g + Sg, u ± 2T±J { ^ T±)n/2 



dV = 0. 



Since M is compact, we have 



= J A g (V'±) = J (-A 9 /± + \ 9 Vf±\fj e-^dV. 



Hence 



M 



/ 



^ 2 A a/± -|»V/|5 + S „ ± ^ ±y(4iT±) „ /2 



e -/± 



dV. 
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Then, Lemma 1 10. II now indicates 



M 



t± 2 J (AlTT±) n / 2 

M _( ±/±T _ +M9 ,„ ) )__ iF 



The sign + corresponds to the gradient expanding soliton while — to the 
gradient shrinker soliton. □ 

Corollary 10.3. Suppose that (M,g) is a compact Riemannian manifold 
and u a smooth function on M . Let h be any symmetric covariant 2-tensor 
on M and set g(s) := g + sh. Let v be any smooth function on M and 
u(s) := u + sv. If v±(g(s),u(s)) = W±(g(s),u(s), /±(s),r±(s)) for some 
smooth function f±(s) with J M e~^ ± ^dV/(AiTT±(s)) n / 2 = 1 and a constant 
t±(s) > 0, and (g,u) is a critical point of v±(-,-), then 

Sg, u = Ttt— 9, f± = constant. 

Thus, ifyV±(g,u, •, •) achieve their minimum and (g,u) is a critical point of 
f±(v)> then (M,g,u) satisfies the static Einstein vacuum equation. 

Proof. According to Lemma 110.11 and Theorem I10.2[ we have 

T±(-2A s / ± + |»V/±|5-S I ,,«)±/±Tn = -k± 

and hence 

,2 , a _ f (a , |2\ 

hi 



2A s / ± -|»V/ ± |J + S s ,„ = / (S 9 ,„ + |»V/ ± |^ — ^dV, 



Prom this we get A ff /± = | 9 V/±|^. After taking the integration on both 
sides, the functions f± must be constant that imply S g ± -^r^g = 0. □ 

Remark 10.4. In the situation of Corollarv MU.'A by normalization, we my 
choose /± = §• 
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